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Introduction

Let S be a semigroup and let U � S .

Definition

The relative rank of S with respect to U is the minimal cardinality
of a subset V � S such that xU Y V y � S , that is, U together
with V generate S . We denote the relative rank by rpS : Uq.

Theorem (Sierpiński, 1935)

The relative rank of the semigroup of all mappings from an infinite
set A to A with respect to any subsemigroup is either uncountable
or finite and then equal to 0, 1 or 2.
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Introduction

Let X be a linearly ordered set. Let OX be the set of all
order-preserving functions from X to X .

Theorem (Higgins, Howie, Mitchell, Ruškuc, 2003)

Let X be a countably infinite linearly ordered set, or an infinite
well-ordered set (of arbitrary cardinality). Then the relative rank of
XX with respect to OX is 1.
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Introduction

If X is a metric space then let LpX q and C pX q be the class of all
Lipschitz and all continuous functions from X to X , respectively.
Let N � NN be a metric space with the metric dpx , yq � 1{n
where N � t1, 2, . . .u and n is the first coordinate such that
xn � yn, for x � y .

Theorem (Cichoń, Mitchell, Morayne, 2007)

If N is defined as above then we have rpC pN q : LpN qq � ℵ1. If
x � p1, 1, . . .q then rpC pN ztxuq : LpN ztxuqq � 1.
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Main result

Let BpX q be the family of all Borel functions from X to X .

Theorem

If an uncountable Polish space X satisfies one of the following
conditions

• X is 0-dimensional,

•• X is homeomorphic to its square,

• X contains a homeomorphic copy of the interval r0, 1s,
then rpBpX q : C pX qq � ℵ1.
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Proof of the inequality rpBpX q : C pX qq ¥ ℵ1

Suppose that rpBpX q : C pX qq ¤ ℵ0.
Then there is a family tψn : n   ωu � BpX q such that
xC pX q Y tψn : n   ωuy � BpX q.
Let
BαpX ,Y q � tf P XY : f �1rUs P Σ0

1�αpX q for each U P Σ0
1pY qu

and BαpX q � BαpX ,X q.
We have:

Fact

For every f P BpX q there is an α   ℵ1 such that f P BαpX q.

Thus for every n   ω there is an αn   ℵ1 such that ψn P BαnpX q.
Let γ � supn ω αn � ω.
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Proof of the inequality rpBpX q : C pX qq ¥ ℵ1

Knowing that g � f P Bα�1�β�1pX q for f P BαpX q and g P BβpX q,
we have that

fk � ψnk�1
� . . . � f1 � ψn0 � f0 P BγωpX q

for any f0, . . . , fk P C pX q and n0, . . . , nk�1   ω.
This leads to a contradiction, since BγωpX q � BpX q.
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Preparation for a proof of rpBpX q : C pX qq ¤ ℵ1

Since X is uncountable there are Cantor sets D,E � X and
homeomorphism φ : D � D Ñ E .

Fact

Every nonempty and closed subset of a 0-dimensional metric space
is its retract.

Thus if X is 0-dimensional then every continuous function
f P C pD,E q has an extension g P C pX ,E q.
Then

p�q for every d P D there is an f P C pX q such that f |D � φpd , �q.

If X contains a homeomorphic copy I of the unit interval, then
adding requirement E � I we can use the Tietze extension
theorem to make X satisfy the condition p�q.
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Preparation for a proof of rpBpX q : C pX qq ¤ ℵ1

If X is homeomorphic to its square, then there is a continuous
injection h : D � X Ñ X .
In this case we define φ � h|pD � Dq.
Then φpd , �q � hpd , �q|D and hpd , �q P C pX q for any d P D.
Thus in this case X also satisfies the condition p�q.

Lemma

Assume that there are Cantor sets D, E contained in an
uncountable Polish space X which satisfy the condition p�q, i.e. for
every d P D there is an f P C pX q such that f |D � φpd , �q. Then
for every Borel function F : D � X Ñ X there are Borel functions
G ,H P BpX q such that for any d P D there is an f P C pX q such
that F pa, �q � G � f � H.
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Proof of Lemma

Let us recall that (Kuratowski, 1934) if X , Y are Polish spaces of
the same cardinality then there exists a bijection f P B1pX ,Y q
from X onto Y such that f �1 P B1pY ,X q.
Thus there is a bijection H : X Ñ D such that H P B1pX ,Dq and
H�1 P B1pD,X q.
For every e P E we define

G peq � F pπ1pφ
�1peqq,H�1pπ2pφ

�1peqqqq,

where π1, π2 are projections.
We see that G pφpa, bqq � F pa,H�1pbqq for every a, b P D.
Fix d P D.
From p�q there is an f P C pX q such that φpd , �q � f |D.
Thus for every x P X ,

G pf pHpxqqq � G pφpd ,Hpxqqq � F pd ,H�1pHpxqqq � F pd , xq.
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Proof of the inequality rpBpX q : C pX qq ¤ ℵ1

Fact

Let D be a Cantor set. For each α   ℵ1 there is a Borel function
Fα : D � X Ñ X which is universal for the class BαpX q, i.e. for
any f P BαpX q there is a d P D such that f � Fαpd , �q.

From the previous lemma there are functions Gα,Hα P BpX q such
that for every d P D there is an f P C pX q such that
Fαpd , �q � Gα � f � Hα.
Now it suffices to show that

xC pX q Y tGα : α   ℵ1u Y tHα : α   ℵ1uy � BpX q.
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Fact

Let D be a Cantor set. For each α   ℵ1 there is a Borel function
Fα : D � X Ñ X which is universal for the class BαpX q, i.e. for
any f P BαpX q there is a d P D such that f � Fαpd , �q.

Fix g P BpX q.
Then from the fact that BpX q �

�
α ℵ1

BαpX q there is an α   ℵ1
such that g P BαpX q.
There is also a d P D such that Fαpd , �q � g .
Functions Gα, Hα were chosen in such a way that there is an
f P C pX q such that Fαpd , �q � Gα � f � Hα.
Thus

g � Gα � f � Hα P xC pX q Y tGβ : β   ℵ1u Y tHβ : β   ℵ1uy.
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Question

Is there an uncountable Polish space X such that
ℵ1   rpBpX q : C pX qq   c?
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